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Abstract
The first order form of a three dimensional U(1) gauge theory in which a gauge invariant mass
term appears is analyzed using the Dirac procedure. The form of the gauge transformation which
leaves the action invariant is derived from the constraints present.
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I. INTRODUCTION
The standard Maxwell action for a U(1) gauge field Aµ
Sm = −1
4
∫
dV (∂µAν − ∂νAµ) (∂µAν − ∂νAµ) (1)
can be supplemented in three dimensions with a topological Chern-Simons action
Scs = −m
2
∫
dV ǫµνλ (∂µAν − ∂νAµ)Aλ (2)
so as to provide a mass to the field Aµ [1]. Both the actions Sm and Scs are invariant under
a U(1) gauge transformation
δAµ = ∂µζ. (3)
The action Sm by itself can be written in first order form
S(1)m =
∫
dV
[
1
4
FµνF
µν − 1
2
F µν (∂µAν − ∂νAµ)
]
; (4)
here Fµν and Aλ are independent fields. When the equation of motion for Fµν is used to
eliminate Fµν from eq. (4), one recovers Sm in eq. (1).
The first order form of Sm + Scs is somewhat more involved [2],
S =
∫
d3x
[
1
4
W µνWµν − 1
2
W µν (∂µAν − ∂νAµ)
−m
2
ǫµνλWµνAλ − m
2
2
AµAµ
]
. (5)
The equations of motion for Wµν and Aµ are
W µν = ∂µAν − ∂νAµ +mǫµνλAλ (6)
and
∂µW
µν =
m
2
ǫαβνWαβ +m
2Aν . (7)
Substitution ofW µν from eq. (6) into eq. (5) recovers Sm+Scs. It is apparent that the action
of eq. (5) is invariant under the gauge transformation of eq. (3) provided we also transform
W µν
δW µν = mǫµνα∂αζ. (8)
We now will demonstrate how the Dirac analysis of constrained systems [3] can be used to
analyze actions which are first order in derivatives by applying this procedure to the actions
of eqs. (4) and (5). It is of particular interest to show how this approach can be used to
derive the gauge invariances of eqs. (3) and (8).
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II. MAXWELL ELECTRODYNAMICS
The action of eq. (4) in four dimensional spacetime (with signature (+ + + −)) can be
written as
S(1)m =
∫
d4x
[
1
2
(
~B2 − ~E2
)
+ ~E ·
(
~˙A−∇A
)
− ~B · ∇ × ~A
]
(9)
where
Bi =
1
2
ǫijkF jk, Ei = F i0, A = A0 . (10)
The momenta conjugate to ~B, ~E, ~A and A give rise to ten primary constraints
~ΠB = 0, ~ΠE = 0, ~π − ~E = 0, π = 0, (11− 14)
with eqs. (12, 13) constituting a pair of second class constraints.
The canonical Hamiltonian associated with eq. (9) is
Hc =
1
2
(
~E2 − ~B2
)
+ ~E · ∇A+ ~B · ∇ × ~A. (15)
This is supplemented with Lagrange multiplier fields that ensure that the constraints are
satisfied to yield the total Hamiltonian
HT = Hc + ~ΛB · ~ΠB + ~ΛE · ~ΠE + ~λ ·
(
~π − ~E
)
+ λπ. (16)
For consistency, the constraints must be time independent and so must have a vanishing
Poisson bracket (PB) with HT . We hence find that
{
~ΠB, HT
}
= ~B −∇× ~A, (17)
{
~ΠE , HT
}
= −~E −∇A + ~λ, (18)
{
~π − ~E,HT
}
= ∇× ~B − ~ΛE , (19)
{~π,HT} = ∇ · ~E (20)
must vanish. From eqs. (18) and (19) it is apparent that the Lagrange multipliers associated
with the primary second class constraints are determined, while eqs. (17) and (20) constitute
a pair of secondary constraints. These secondary constraints must themselves have vanishing
PB with HT for consistency, and so
{
~B −∇× ~A,HT
}
= ~ΛB −∇× ~λ = 0, (21)
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{
∇ · ~E,HT
}
= ∇ · ~ΛE = 0, (22)
so that ~ΛB is determined by eqs. (18) and (21) while the longitudinal part of ~ΛE must vanish,
which is consistent with eq. (19). The only Lagrange multiplier left undetermined is λ.
One can now either use eqs. (17-22) to eliminate those Lagrange multipliers which have
been determined by the consistency conditions, or alternatively replace the PB by Dirac
brackets (DB) and set all second class constraints equation to zero [3]. The constraints that
constitute second class constraints are eqs. (11-13, 17, 20), and then elimination results in
the following DB
{Ai (~x, t) , πj (~y, t)}∗ =
(
δij − ∂i∂j
∂2
)
δ (~x− ~y) (23)
with all other DB being identical to the corresponding PB. The form of HT is, upon elimi-
nation of the second class constraints,
HT =
1
2
(
~π2 + ~B2
)
− A∇ · ~π + λπ. (24)
Only the primary constraint of eq. (14) and the secondary constraint of eq. (20) are first
class. The field A becomes a Lagrange multiplier field. Eq. (24) gives the same expression
for HT that one obtains if the second order form for Sm in eq. (1) is treated using the Dirac
procedure [3].
Two approaches to determine the gauge transformation that leaves the action invariant
are provided in refs. [4, 5], with the latter reference providing a somewhat more general
procedure. In both cases we find that the gauge generator is
G(ζ, ζ˙) = −
∫
d3x
(
ζ∇ · ~π + ζ˙π
)
(25)
so that
δA = {A,G}∗ = −ζ˙ (26)
and
δ ~A =
{
~A,G
}∗
= ∇ζ, (27)
while
δ ~E =
{
~E,G
}∗
= 0 = δ ~B. (28)
Together then, δAµ = ∂µζ and δFµν = 0, as one would expect from inspection of S
(1)
m in eq.
(4).
We now apply the Dirac formalism to the more interesting (and complicated) case of the
action S of eq. (5).
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III. TOPOLOGICALLY MASSIVE ELECTRODYNAMICS
The action of eq. (5) can be written as
S =
∫
d3x
[
1
2
(
W 2 − ~W 2
)
+
m2
2
(
A2 − ~A2
)
−
(
W∇× ~A + ~W · ~˙A + ~W · ∇A
)
−m
(
~W × ~A +WA
)]
(29)
if the metric has diagonal (+ + −), ǫ012 = 1, A = A0, W = 12ǫijW ij, W i = W 0i and
~U × ~V = ǫijU iV j . The momenta associated with A, ~A, W and ~W are now given by the
primary constraints
π = 0, ~π + ~W = 0, Π = 0, ~Π = 0 (30− 33)
respectively. The constraints of eqs. (31, 33) are second class; if DB are used it is possible
to immediately replace ~W by −~π in the canonical Hamiltonian and we obtain
Hc =
1
2
(
~π2 −W 2
)
+
m2
2
(
~A2 − A2
)
+W∇× ~A− A∇ · ~π +m
(
AW − ~π × ~A
)
. (34)
Consistency means that Π˙ = {Π, Hc} should vanish; with Hc given by eq. (34) then
{Π, Hc} = W −∇× ~A−mA = 0 (35)
is a secondary constraint. Similarly, as π˙ = 0, we obtain another secondary constraint
{π,Hc} = m2A+∇ · ~π −mW = 0. (36)
Eqs. (30, 32, 35, 36) together form four constraints. However, the PB of these four
constraints form a matrix with rank two; consequently appropriate linear combinations of
these four constraints can be chosen so that two are first class and two are second class. A
suitable pair of first class constraints are
γ1 = π +mΠ, γ2 = m∇× ~A−∇ · ~π (37, 38)
and of second class constraints are (provided m 6= 0)
χ1 = Π, χ2 = ∇× ~A+mA−W. (39, 40)
Using eq. (40) to eliminate W in eq. (34) leads to
Hc =
1
2
[
~π2 +
(
∇× ~A
)2
+m2 ~A2
]
+ A
(
m∇× ~A−∇ · ~π
)
+m~π × ~A. (41)
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It is now evident that
{γ1, Hc} = −γ2, {γ2, Hc} = 0, {γ1, γ2} = 0. (42− 44)
With the first class constraints of eqs. (37, 38) satisfying the commutation relations of eqs.
(42-44), the methods of refs. [4, 5] lead to the gauge generator
G =
∫
d2x
[
−ζ˙π + ζ(m∇× ~A−∇ · ~π)
]
(45)
so
δA = {A,G} = −ζ˙ (46)
and
δ ~A =
{
~A,G
}
= ∇ζ, (47)
as well as
δπi = −mǫij∂jζ. (48)
Eqs. (31) and (40) can now be used to show that
δW = −mζ˙, (49)
δWi = mǫij∂jζ. (50)
Together, from eqs. (46, 47, 49, 50) we recover the gauge transformations of eqs. (3, 8).
IV. DISCUSSION
The canonical structure of the first order form of the Maxwell and Maxwell plus Chern-
Simons actions have been analyzed in some detail here. Our interest in these particular
models was stimulated by ref. [6]. However, more importantly, the procedure outlined
should serve as a model for how to perform a fully consistent canonical analysis of the
Einstein-Hilbert (EH) action in general relativity when it is expressed in first order form.
In refs. [7-10], the Lagrangian
√−gR(Γ), a first order action which is inequivalent to the
second order Einstein-Hilbert action when in two dimensions,1 is analyzed using the Dirac
1 In two dimensions, the first order Lagrangian
√−gR(Γ) is not equivalent to the second order Einstein-
Hilbert action
√−gR(g), as the equation of motion for the affine connection Γ does not yield the Christoffel
symbol. However, in dimensions greater than two, these two actions are in fact equivalent.
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constraint formalism employed above. As has been noted in refs. [9, 10], the usual Dirac-
Arnowitt-Deser-Misner approach [11, 12] to the canonical structure of the EH action involves
elimination at the outset of canonical variables through use of all equations of motion that
are independent of time derivatives, irrespective of whether these equations correspond to
first or second class constraints. (This is most explicitly seen in the presentation appearing
in ref. [13].) Using first class constraints to eliminate canonical variables can be seen from
the above examples to destroy whatever gauge symmetry is generated by these first class
constraints. We hope to circumvent this shortcoming in the analysis of refs. [11, 12] through
a careful application of the Dirac constraint formalism (in which first class constraints are not
used to eliminate dynamical degrees of freedom) to the first order EH action in dimensions
higher than two.
V. ACKNOWLEDGEMENTS
NSERC provided financial support to D. G. C. McKeon. Roger Macloud had a helpful
suggestion.
[1] S. Deser, R. Jackiw and S. Templeton, Ann. Phys. 140, 372 (1982).
[2] N. Kiriushcheva and S. V. Kuzmin, hep-th/0608078.
[3] P. A. M. Dirac, Lectures on Quantum Mechanics (Dover, Mineola 2001).
[4] L. Castellani, Ann. Phys. 143, 357 (1982).
[5] M. Henneaux, C. Teitelboim and J. Zanelli, Nucl. Phys. B332, 169 (1990).
[6] S. Deser, Class.Quantum Grav. 23, 5773 (2006).
[7] N. Kiriushcheva, S. V. Kuzmin and D. G. C. McKeon, Mod. Phys. Lett. A20, 1895 (2005).
[8] N. Kiriushcheva, S. V. Kuzmin and D. G. C. McKeon, Mod. Phys. Lett. A20, 1961 (2005).
[9] N. Kiriushcheva, S. V. Kuzmin and D. G. C. McKeon, Int. J. Mod. Phys. A21, 3401 (2006).
[10] N. Kiriushcheva, S. V. Kuzmin, Ann. Phys. 321, 958 (2006).
[11] P. A. M. Dirac, Proc. Roy. Soc. A246, 333 (1958).
[12] R. Arnowitt, S. Deser and C. W. Misner, in Gravitation: An Introduction to Current Research
ed. L. Witten (Wiley, New York 1962).
7
[13] L. D. Faddeev, Sov. Phys. Usp. 25, 130 (1982).
8
